HSC Extension 2 2006 Solution

By Terry Lee
Question 1
J.\/9 4x? J.\/9 4x?
=—§.2\/9—4x2 +C
2
__V9-4x ‘C
4
dx 1
bJ' =I ox
®) x> —6x+13  J (x=3)*+4
_1ta ‘1—X_3+C.
2
. 16x—-43 5 . 16x—43 75 _
(c)a=Ilim =—=1c=Ilim
-3 x4+2 5 x>-2 (x—3)? T 5

b =3, by equating the coefficients of x*.

J‘ 16x —43
(x=3)%(x+2)
=_—1+3In(x—3)—3ln(x+2)+C.
x-=3
(d) Letu =t,dv =e"dt then du =dt,v =—e™"

[ :te*' dt=[ e ] + [ :e’t ot

_ oa2 _[atTP
=-2¢ [e :|0
=-2¢"-e" +1
=-3e7 +1.
(€) Lett=tang,dt 1secszG,:. dezﬁtz.
2 2 1+t

When 9=%,t:1.When Gz%,t:tangzﬁ.

2 NEIR Y
J‘ﬂs.LdX:J‘ 31+t 2dl‘2
> sin@ 12t 1+t
3
- Tt
1t
N
=[Int];
= In+/3.

Question 2
@ () z2=(3+i)’=9-1+6i=8+6i.
(i) zw =(3—i)(2—5i)=6—5-2i—15i =1-17i.
i) w_2- 5/_(2—5i)(3—i)=1—17i'
z  3+i (3+i)(3-1) 10

(b) () ~3-i= 2cis[-%).

dx:j( 12+ s 3 de
(x=3)° (x=3) (x+2)

(i) (V3-i) =1280is_7Tﬂ

—1280|35—7T
6

(i) (V3-i) =64(~/3 +i)
(c) —1=cis(z +2kr).
z:%/—?:cis“gzk” k=041,

Y/ T .
=Cis—,cis| —— |,cisz =—1.
3 [ SJ

(d) (i) 5+3i.
(i) major axis =10, minor axis =6.

(iii) 0 < arg(z) < %

Question 3

(a) 4
______________ 4
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(b) (i)y=0,x? /144, x =h12,
(i) +(/144+25,0) = £(13,0).

(iii)) directrices x = i%.

asymptotes y = i?—;.

(© ()Y a=4a=12.a=3.

[T =(a* +b°)(a* +4b*) =130.

(9+b%)(9-+4b) =130,

4b* +45b* —49=0.

(4b% +49)(b® —1) = 0.

~.b? =1(bis real)

~b=1.

(i) P(x)=(x=3+i)(x=3—=i)(x—3+2i)(x —3-2i)

((x=3)° +1)((x=3) +4)
(x2—6x+10)(x2—6x+13).

Question 4

(@) p'(x)=3ax*+b.
p'(1)=0 gives 3a+b =0. ()
p(1)=0givesa+b+c =0. (2)
p(-1) =4 gives —a—b+c=4. (3)

P —

2)+(3) gives 2c=4,-.c=2.
1)+(3) gives 2a+2=4,".a=1.
(1) gives b=-3.
(b) Side =2x.
Area =4x%,
oV =4x%oy.
1 1
V=I04x2 dy=j04y dy
= [Zyz] =2 units®.

1
0

1.1
) 1
©  (m=LI——— - m,=pqg.
p—q pq

1
y=—=pq(x~r)
r
1
y=qu—pqr+7- (1)

(i)y = qrx—pqr+%. @
(i) (1)—(2) gives

0=q(p—r)x+1—l.
r-p

0=qlp-rx+2"
pr
1
O=gx+—.
pr
1
X =
par

Put to (1), y:pqx—pqr+1
P

1 1
== —pgr+-
r r
=—par.
Since xy = (—Lj(—pqr) =1, this point belongs
paqr

to the hyperbola.

(d) (i) KM I/ BL and KM = BL (the join of the midpoints of
two sides of a triangle is parallel to and equal half the
third side.)

(ii) the interior angle in cyclic quad KMLP is equal to the
opposite exterior angle. Let Z/KML be a.
(i) KB = KA (K is midpoint of AB)

KP =KB (£KBP = ZKPB = a,.".is0s A)
. KP =KA.

- ZKPA = ZKAP. Let it be .

- ZKPB+ ZKPA=a + B.

But 2a +23 =180°( angle sum in AABP)
. ZKPB+ ZKPA =90°,.. AP L BP.

Question 5
(@) oV =2z xyox

V=27rj01x2(x—1)2 dx

= 2nj01(x4 -2+ x2) dx
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(b) (i) cos(a + B) =cosacos B —sinasinf. (1)
cos(ae — B)=cosacos B+sinasinB. (2)
(1 +(2) gives
cos(a + ) +cos(a — B) =2cosa cos S.
(i) cos@ +cos 30 +cos20 +cos40
=2c0s6 0s26 +2cos 6 cos 30
=2¢0s6 (026 +c0s30)

=20059.200390035—9.
2 2

Solve 20089.2008%008579 =0 gives

cosO = 0,cos§ = 0,003579 =0.

.'.9=£+k7r,gzz+k7r,5—9=£+k7r.
2 2 2 2 2

c.0 =£+k7r,9 =n+2kr,0 zz+2k—7r.
2 5 5

7 3dr wdn Tn I
"’9:_!_!7[!_!_!_!_'

(c) (i) vert, T,cosa =T, cosa +mg. 0]

hor, T;sina +T, sina =m/sinae’.  (2)
(i) Put 7, =0,

(2) . m/sinow’
-— gives tanag = ——.
(1) mg
a)2 = 9 .

fcosa

(d) (i) 3"
(ii) 0.2x 0.6 0.2x0.6 = 0.0144,
(ii)y Pr = 4W +3W +2W2D + 2W1D1L +1W3D

|
=02+ C,02° x0.8+%0.22 x0.6°

+ ﬂ0.22 x0.6x0.2+ ﬂ0.63 x0.2
2! 3!
=0.344.

Question 6
(a) (i) Using the Sine rule,

sin@ _sin(B—-0)

0B 0A

. OA sin(p-0)

0B sing

(i) Similary, 28 — Sinr=0) OC _ sin(a ~6)

OC  sind 'OA sin@
Multiplying all the three,

OA 0B OC _sin(B—0) sin(y —6) sin(a —0)
0B 0C OA sin@ ~ sin@  sing
. sin® @ = sin( B — ) sin(y —0)sin(B —0).

(i) cot x —coty = 23X _8)
sinx  siny

__sinycosx—cosy sinx

- sinxsiny

_sin(y —x)

~ sinxsiny
(iv) (cot® —coter )(cotd —cot B)(coto —coty )
_sin(@ —a) sin(@ — B) sin(0 —y)
~ sin@sina sin@sinB sindsiny
B sin® 0
~ sin@sina sin'sin Bsindsiny
= C0SeC & CoSec 3 COSecy.

T

L SO
(V)|f06—2,ﬂ Y=

cote—cotZ cot@—cotZ cot@—cotz
2 4 4

T T T
= C0seC—Ccosec—CcoseCc—.
2 4 4

, from (ii)

cotd(cotd —1)2 =2.

cot® @ —2cot? @ +cotd —2 =0.
(cot® —2)(cot* ) +cot® —2 =0
(cot® —2)(cot? @ +1) =0.

cotd =2.

0 =tan”' 1
2

(b) (i) On the planet's surface, X = —g.

- k=gR%
L. vdv gR®
i) ¥ =—=—2—.
() dx X

1
J vdv=—gR3I Fdx

v2 1
—=gR*—+C.
2 g 2x*
2
Whenx:R,v:u,:.C:u——ﬁ.
2 2

3
(iii) If u* > gR then v? ngiz-

v > oR’ :
" R* +3uRt —(gR —u?)t?
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Ast—>oo,v? —0: the particle will not return.
. gR’ )
(iv) (1) Whenv=0"">-=(gR-u*),

X

2 = grR’®
' gR-u*

3
~p= |- P
gR—u

3
(2) (%} =R? +2uRt —(gR —u*)f’
gR-u

3
(gR —u?)t* —2uRt + R? —( ;gR J:O.

gR-u
uR+\/u2R2—(gR—u2)[R2—( gR’ ZD
gR-u
. GR—u")
_UR
(gR-u%)
Question 7
(a) (i) cosx =tanx
_sinx
= x

cos’ x—sinx =0.
If x = a is the point of intersection, then
cos’ o —sina =0. (1)

dy . .
Fory =cosx,d—= —sinx...m, =—sina.
X

d
Fory = tanx, - = sec x. . m, =sec’ o0 = ——.
d cos” o
But cos® a = sinar.
S.mm, =-sina. =1,
n cos’a
.. The curves intersect at right angles at x = a.

(i) From (1),
1—sin* o —sina =0.
sin® o +sina —1=0.

1445 (taking the + value for 0 < o <%.)

~1++/5
~1++/5
Ja—1125 -5
~1++/5 3 ~1++/5

sina =

tana =

sec’o =1+tan*a =1+
1+\/§
=
(b) (i) I =j0 sec” t df.

—1+\/5
2

Let u =sec"2t,dv = sec’t dt.

du =(n—2)sec" t.tant.dt,v = tant.
_ n-2 X o[ eant2 f1an2

[, = [sec ttam‘]0 (n 2).[0 sec" “ttan“t dt
=sec" 2 xtanx —(n— 2)J‘0X sec”? t(sec’ t—1) ot
=sec" 2 xtanx—(n-2)l +(n-2)/ .

s (n="N =sec"? xtanx +(n-2)I .

sec"? xtanx n-2
~= + Y
n-1 n-1

sec? tan "
3 2

i), =—9 3.7
(if) 1, 3 3

=M+glz.
3 3
l, :tan%+0:\/§.

ZM-F&:Z\/E.

o,

3 3
(c) When n=1,x, =2(1+—aj
1-a
1]
=9 3
1+1
3
P E]
4

=1.
True for n =1.

n

n

Assume x, =2(1+a

j is true, we are required to
1-a

prove that it's true for x,,,,.
A4+ x,
1+x,

4+2(1+a J

1-a"

1+2(1+a j
1-a"
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440" +2+2a"
1-a"+2+2a"

9 3—a J
3+a"

1+an+1
=2 1_an+1 )
X, is true.

s t's true forall n > 1.

(ii)Asn—>o0,a" >0, x, > 2.

Question 8
1
a)(i)t<—.
(@) (i) 7
tzsl.
2
1—t221—1=1.
2 2
1
<2
1—t?
2
12t <4t
Also, S|ncet<—1 t2>0,.. 2 >0.
V2’ 1-t
y L 2t? 2
ii) By long division, — = -2+ —
(ii) By long e T
then by partial fractions, = —2+L+L.
1+t 1-t

P TR YT}
1+t 1-t

(iii)OsJ‘ ( 2+11—t+1—jdt<J. 4 ot 0<x
0 + -

« [4rT
[—2t+|n(1+t)—|n(1—t)]0 3[7} .

0

—2X+In—<—.
1-x 3
4x°

, _ 1+x =
(iv) Ine™® +In—=<lne ® .

—X

1+x o
In| —= |e® <lne 3 .
1—-x

4x°
T+x e¥<e? .
1—-x

T

() (i) F'(x) = nx" e —x"e™*
=x""(n-x)e™".
f"(x)=n(n—1)x"2e™* —nx""e”™
=x"%e7 (n(n—1)—nx —x(n—x))

=x"%e™" (x —2nx +n(n—1)).

f"(x) =0 gives x = n£+/n* —n(n—1)
=n+n.

f"(x) changes signs at these points so they are

points of inflexion.

~.b=n++/n,a=n—+/n (sothath>a).

~(n+n)
(ii)m (n + \/_)

X" (n—x)e™*

_[ntVn) s
n—~/n
1+£ 1'}‘i
_|__n e—zﬁ \/E e—2«/ﬁl
1_ﬁ 1—i
n Jn
1
iii) Replacing x by —
(iif) Replacing yﬁ
1+ 1
ax’ NP
(Tr_Xje_szes becomes —\/1; en < g3,
—X
1—
Jn
(R 1+ "
—= | =2 4\
*/— e = —\/15 el S(eMJ
. -
- Jn
e
_eBn«/ﬁ
4
=¥,
: fb)s 7

(
f(a)
Q > 1 because the numerator is always more than

(@)

the denominator.

4
<) i
f(a)

4
(iv) As n — o0, 1. 1(b) =1.

(a)
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