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Extension 1 2009 Solution

Q1
() 8x% +27 =(2x +3)(4x* —6x+9).
(b) x>3.
© lim3N2X _p)jm SN2X _ 5.
x—0 x>0 2X
(d) X2L3>1.
X

(x+3)x > 2x°

X2 +3x-2x">0
—x* +3x>0.
X(—x+3)>0.

S 0<x<3.

d .
(e) d—(xcosZ X) =cos® X — 2xcos xsin X .
X

() Let u=x®+1,du=3x* dx.
When x=0,u=1; whenx=2,u=9.

Je o e 3] S22

3

Q2
@ P =2.1-a+b=2,..a-b=-1.

P(-2)=5,..-8+2a+b =5, 2a+b=13.

3a=12,-.a=4.
b=a+1=5.
(b)

(i) 3sinx+4cosx :55in(x+ tanlgj.
(i) 53in(x+ tanlgj =5.

sin[x+tanli)=1
3

x+tan‘1£=£.
3 2
x=Z _tan 2 _0.64.
3
(c)
(ym=IIA_2_y
dx/dt 2
y —t? =t(x—2t).

y =tx—2t* +t* =tx —t°.
(i) y=(2t)x—(2t)* = 2tx — 4t>.
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y=tx—t% )
y = 2tx — 4t%, (2)
(2) - (1) gives

0=tx -3t

x=3t,t=0.

y =3t —t* = 2t%

- R(3t,2t%)

X
i) x=3t,..t=—.
(iii) 3

2x°

=2 =22
y 9

Q3
(a)
(i) The range of e isy >0,.. The range of f (x) is y >%
_3+e?
Y

(i) f*:x

4x —3=g?,
2y =In(4x - 3).

1
==In(4x -23).
y=5 ( )

(b)
(i)

A

N N
|
M
N

/7' »
»

-1

(i) Three points of intersection, .. Three solutions.
(iii) Let f(x)=2cos2x—x-1.
f'(x) =—4sin2x -1.

2c0s0.8-0.4-1

X, =0.4- : =0.398.
-4sin0.8-1

(©

_ 1—(1—25in20)

()RHS =—— ~ —tan?@ = LHS.
1+(200529—1)

.. T

i) Let 6=—.

(ii) 5
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e RYLE

tan® ==
1+cos™ 1+i V241 241
s 2
=(v2-1)
tangzx/i—l, since % lies in the 1st quadrant,
tan£>0.
8
Q4
(a)

. 13y 45

Nec| =2 ==,
0 3(4) (4) 512

. 1\’ (3Y 1\'3) (1Y
i) °C,| = | | =S| +°C,| =] | =]+ =
" (J (J (J (4) (4]
45 15 1 53

“512 1024 1024 512

(iii) 1-(%5 1028

4 1024
(b)
. -x)* +3(-x)>  x*+3x°
O 1= LA =TT 1),
- F(x) iseven.
(i) y=1.
(i) £/(x) = (4x° +6x)(x* +3) —4x*(x* +3x%)
(x* +3)°
4x" +12x° +6x° +18x —4x’ —12x°
- (x* +3)?
_ —6x° +12x° +18x _ —6x(x" —2x* —3)
(x* +3)? (x* +3)?
_ —6x(x* =3)(x* +1)
(x* +3)? '
f'(x)=0whenx=0, +3.
(iv)
A
_________________ N A
N 7

(Note: The SPs are (0,0) and (iﬁ,gj).
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Q5
(@)
u_i(i j .
t?  dx\2
..lvzz nx’ +C.
2 2
2,2
Whenv:O,x:a,.-.C:n a .
1, n’* n%?
L=V == +
2 2 2

v =n?(a? - x?).

(if) Maximum speed occurs when x = 0,

v =n%a%,.v=na.

(iii) Maximum acceleration occurs when x = a,
~.a=-n’x=-n’a,. Max|a|=n’a.

(iv) Let x=asinnt.

When v n2a nj _nz(az—xz),

gz 2 %
4 47 2
@zasinnt
2
sinntzﬁ.
2
nt=2=.
3
==
3n
(b)

(i) The base of the triangle = 2htan60°.
SV =10x%>< hx htan 60° =10~/3h? .

(ii) Area = base of the triangle x 10

= 203/3h.

.., dV
—=20+/3h.

(iii) i V3

dh dh av 1
-7 x —k20+/3h = —k.
dt  dv dt  2043h &

(iv) By integration, h=—kt +C.
Whent=0,h=3,..C=3

Whent=100,h=2,..2=-100k + 3,.". k =0.01.
. h=-0.01t + 3.

When h =1,

1=-0.01t + 3.

t= 2 =200 days.
0.01

.. It would take 100 days to fall from2 mto 1 m.
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Q6
(@)
(i) When x, =x,,
UT coséd =R —VT cosé.
T(U+V)coséd=R.
R
(U +V)cosé
(i) When y, =y,,

~T=

UtsinH—%gt2 = h—VtsinH—%gtz.

U +V)tsing=h.

Buth=Rtand,.. (U +V)tsind =Rtané.
_ Rtang R

(U +V)singd (U +V)cosd’

This is the same as the result in (i), .".the two particles
collide.

in the

(iif) Let x, = AR and substitute t=————— i
(U +V)cosd

formula x, =Utcosé gives x, =——.
% g (U +V)

R
U +V)
S AU+ AV =U.
AV =U(1-A).

-V :(ﬂju :(3_1ju.
A A
(b)
(i) The GP has the first term (1+x)", ratio (1+x), and
(n—r+1) terms.
.. @+x)"(@+x"" -1) @+ X)"(@+x)" —1)_
1+x-1 X
SAEXN) )T L1+ X)"
@) ((1+ x)" —1)
- X
@)™ =1+ x)
- , _

S AR

n
The coefficient of x" in (1+X)" is (r] The

1
coefficient of X" in the LHS is [:J+(r: J++(ﬂ

n+1
The coefficient of X" in (1+x)"" is ( J and the
r+

term (L+x)" does not contain x"*.

n+1
.. The coefficient of x"** in the RHS is (r J.
+
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(ii)
(1) The line y = x passes through the n points along the
diagonal, ..an interval is formed by choosing any 2 points

n
from the n points on the line. .. {ZJ

(2) The lines that are parallel with the diagonal y = x and
lie above it go through (n—1),(n—2),...(2) points so we

n-1)(n-2 2) .
can form , intervals.
2 2 2

Similarly, the lines that are parallel with the diagonal y = x
and lie below it go through (n-1),(n—2),...(2) points so

n-1\(n-2 2) .
we can also form , intervals.
2 2 2

.. Total number of intervals is

WP HE RS
++@ 0

which is the same as

(22

(iii) Let r = 2, the result in (i) can be rewritten as

10 +...+[”ZT1]:[2J.

ult of line (1) becomes
n n
+ 4{3], which is

l\):‘_||\J
=
155}
-
D
()

3
n! L9 n!
2i(n-2)!  3Y(n-3)!
_n(n-1) N n(n—-1)(n-2)
2 3

=@(3+ 2(n-2))

_n(n-1)(2n-1)
B E—

Q7
(a)

(i) i(x)z |imw=
dx h—0

1.

O - Trueforn

(ii) Let n =1,di(x) =1 (proven above) =1x
X
=1

Assume %(x”): nx"t,

RTP %(x””):(n +1)X".
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LHS = i(x.xn ) =X"+xnx"*
dx

=X"+nx"=(n+1)x" = RHS.

- True forn + 1.

. True forall n > 1.

(b)
()Let O=a—p.
tanazih,tanﬂzh.
X X
tangztan(a_ﬂ)zw
l+tanatan g
a+h h
XX a B ax
1, @+h % +@+hh  x*+(a+h)h
X2 X
S0 = tan_lzL.
X +h(a+h)
o ax a(x* +h(a+h))-2ax’
(i) —| — = 2
dx\ x*+h(a+h) (x*+h(a+h))

_ —ax® +ah(a+h)
(x*+h@+h)"

—ax*+ah(a+h)
do  (X*+h@+h)

—ax* +ah(a+h)

d 2 2 2 2,2
X +[ ax ] (x +h(a+h)) +a‘x

x> +h(a+h)
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d—6’=0 when x> =h(a +h).
dx

s x=4/h(@a+h).

This value satisfies % =0and x>0,..8 is minimum
X

when x=./h(a+h).

c

Ei)) ¢=6+ 2ZSRP (ina A, the exterior angle equals the
sum of the two opposite interior angles).

LO<g.

. 6 is maximum when & = ¢, which happens when P and
T are the same point.
Alternatively, from (b), € is maximum when OP? =

x* =h(a+h), where O be the point of intersection of PT
and QR.

But OT? =0ORx0Q (the square of the tangent is equal
the product of a secant and its external part).

- OT?=h(a+h). 1)
-.OT =OP.

~.Pand T are the same point.

(ii) From (1), OT = /h(a+h).



