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(a) jln—xdx— 2(Inx)2 +C.

(b) j xe2*dx .

Let u=x,du=dx; let dv=e*dx,v =%e2X

J.xezxdx =%xe2X
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When x=1,u =1; when x:\/§,u :%

L[ du =[Vu+1],

NS
~ 4 = 2 6-2
N

Alternatively,
Let x = tan &, dx = sec’ 4d 6.

Whenx:l,H:%; whenx=\/§,0=%.
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—lje“dx =%xe2X —%e“ +C.
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(a) i°* =iti=i, since i’ =1.
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(6) (i) Y/=1 = 3/cis(z + 2k) = cis +52k” K=0,41,42.
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(f) (i) 3+ 4i =v/22 12 +2x 2x1xi = +(2+i)
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X+1=x*-2x+1.

Q3 —X2+3X=0.
(a) .'.X=0,3.
3 3 2
Y% =2nj x(yz—yl)dx=27rf X(X+1—(x—1)* Jox

y
—Zﬂj —x? +3x dx 27rj —x* +3x? )dx
i ¢ T 27
—27| - X x| =27 units®,
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2x 2yy
___________ - =2 =0.
, y=9 () 0z
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s YTy
O 4 X m :—& . :a2y0
Yoaty, % b
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The equation of the normal is
= N Y= Yo = b2 (X=%,).
(i) Lety_O,
a’y,
1 Yo = bzxz (X_XO)'

> b?x,
/ \ TR at
-3

——————————————————————————————————————— b?x b a’(l-e’
X”o‘?**o[“?} [1%J

(b) 2x+2(y+xy')+6yy'=0. =€ %
X+y+Yy'(x+3y)=0. » N(€%%,0).
x4y a
= iy PS SPM e _a-ex,
Horizontal tangent, .. y'=0,.. y =—X. PS" ePM’ Xo"'g a-+ex,

Sub. to the original equation,

NS ae—-e’x, a—ex
x? —2x% +3x% =18. = g = 2

NS’ e?x,+ae ex,+a

2x* =18. PS NS
K =9 P NS

=+ - '
X=£3. ) (iv) In APNS’, Siha - = NS,.
.. The points are (3,-3),(-3,3). sin ZPNS"  PS
(c) P'(x)=3x*+2ax +b. In aPNs, SN/ _ NS
P1)=0,~.1+a+b+5=0,~a+bh+6=0. sinZPNS  PS

P'(1)=0,-3+2a+b=0. But ZPNS =7 — ZPNS’, . sin ZPNS =sin ZPNS’,
PS NS NS NS’

Solving simultaneous equations gives a = 3,b =-9. andsince ——=——," —=——.
2 PS" NS PS PS
(d) x+1=(x-1)".

~.sina =sin .
La=p,since a+ <.
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(b)

(i) Resolving the forces on P,
vertically, T cosa + N sina =mg, @

horizontally, Tsina — Ncosa =mreo®.  (2)
(if) (X)xcosa +(2)xsina gives
T(cos’ ar+sin® @) =m(gcosa + re’sina).
~T=m(gcosa +re’sina).
(M) xsina — (2) xcosa gives
N (sin? @ +cos’ ) =m(gsina - ra’ cosa).
~N=m(gsina—ro’cosa).
(iiil) When T = N,
gcosa +rw’sina = gsina - rew’ cosa
ro’(sina +cosa) = g(sina —cosa).
W = g(sina —cosa)

r(sina +cosa)

g(tana—l

“rltana+1

by cosa.

j, by dividing both top and bottom

(iv) @* >0, tana—1>0,~ tana >1. . L <a<Z.
4 2

Q5

(a)

(i) ZADB =90° (semi-circle angle)

Z/ABD =90° - /BAD (angle sum in AADB)
ZAKY =90°- /BAD (angle sum in AAKY).

- ZAKY = ZABD.

Alternatively, prove ADXK ||| AXYB.

(i) ZAKX = ZABD (from above).

ZABD = ZACD (angles subtending the same arc are
equal).

- ZAKX = ZACD.

..CKDX is cyclic (angles subtending the same chord are
equal).

(iii) ZACK = 180° — ZXDK (opposite angles in a cyclic
guad are supplementary).

But £XDK =90°, .. ZACK = 90°.

And ZACB = 90° (semi-circle angle).

..B, C and K are collinear.

Alternatively, since #D =90°, KX is the diameter,

- ZKCX = 90°.

(b)

(i) Let u=x*",du =2nx"*, and dv = xe*",v =%e

X2

1 ' 1
2 2

I, =] =x"e" —nJ' x> e dx
2 0 0

e
=—-nl_,.

Terry Lee
.. e
(i) I2=§—2I1.
e
IlZE_IO
. 1r 1
Iozjxe dx_E[e }O_E(e—l)
e e 1 e
IL==-2|=--=(e-1)|==-
(©)
Qi) f')=""5_1
2
e —e*
f"(x)=
() 5

Forall x>0,e* >e™,... f"(x)>0.
(ii) Since f"(x) >0, f'(x) is increasing.
When x=0, '(0) :1;21_1:0_
- f'(x)>0 forall x> 0.
(iit) Similarly, since f'(x) >0, f (x) is increasing.
1-1
f(0)=—=-0=0.
(0) 5

- f(x)>0forall x> 0.

e —e*
: —x>0 forall x>0.

X —X

> X for all x> 0.

Q6
(a) The shaded rectangle has sides 2y and (4 — x).
- Area =2y(4—X).

-0V =2y(4—-x)ox = 24/(4 - x)%0x, since
y=+4-X.
A ot [ _ e
..v_2j0w/(4 x)? dx
4
[ _ 5
=2[u} =gx32:% units®,

-5

0

(b)
(i) Lettherootshe —1,« and .

[la =—1><a><ﬂ=—l£= —gj

a
1

==
a

(it) Since all the coefficients are real, « is also a root.

_ 1

Soo=—.
o

aa =1
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(iii) Let « =a+ib, where a,b are real.
a=-1+a+ib+a-ib=2a-1.
Since Y a =-q,
2a-1=-q.
a=i=9

2

c

Ei)) PQ®>=0P*-0Q* =x*+y*-r’.
APQ=X 4y’ -1

(i) PR=|x—c|
.'.\/m=|x—c|.

X° +y?—r?=x*-2cx+c’

y? =r? +¢® - 2cx.

(iii) 2 =—20{x— r’ “’zj.

2C

. Type y* =—4aX, where 4a = 2c,.. focal length = %

2 2 2
- Focus | ¢ —E,O , Which is r—,O .
2C 2 2c
2 2 2 2
(iv) The directrix has equation x=r e +£:r R .
2c 2 2c

By definition, PS = PM , where M is the foot of P on the
directrix.

r? +2¢?
2C

. PS=PM =|x—

But PQ =PR =|x—c|.
r2 +2c?
2C

.'.PS—PQ=|X— —|x—¢|

2 2 2
_r ;ZC -C =£—, which is independent of x.
c c

g-rv

—E[v+gln(g - rv)j =x+C.
r r

When x=0,v=0,..C =—%In g.
r

Terry Lee
.'.—X—%In(g—rv)+%lng=x.
rr r
.'.X:%In[ 9 j_X'
r g-rv) r
When x =L,

LI
0.2 9.8-0.2x30,/) 0.2

_t
(i) v=2 =~ L ¢ (20sint ~10cost) +
dt 10

t
e 1°(29cost+10sint).
Whenv =0,
29sint —10cost

10
29sint —10cost = 290cost +100sint.

300cost = —71sint.

tant =20,
71

=29cost +10sint.

t=-1.34 or 7 -1.34=1.80.
When t =1.80,

x =e*(29sin1.8-10c0s1.8) + 92

=25.49+92=117.49 m.

Given that his body length is2 m, 117.49 + 2 =119.49 m,

.~.the jumper's head still stays out of the water.

(b)

(i) z" =cosn@+isinng.

z-"zi: 1 _ cosn@—isinnd
2" cosn@+isinn@ cos®né +sin’né

=cosnéd —isinnd.

Alternatively, z" = cos(—n@) + isin(-n6)
=cosnéd —isinnd, since cos(—nd) = cosnd
and sin(—n@) = —sinné.

S 2"+ 27" =2cosné.
(i) (z+zH™ =(2cosH)™".

2m 2m
LHS =z + 72ty 7277
1 2
2m 2m 2m
+ Zm+lz—m+l + Zmz—m + Zm—lz—m—l +
m-1 m m+1

2m
ot Ztzam g g
2m-1

2m
= 20052m0+( 1 JZcos(Zm —-2)0
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2m 2m 2m
+ 2cos(2m—4)0 +...+ 2€0520 +
2 m-1 m

2m
= Z{COS 2mé +[ 1 jcos(Zm -2)0

) (w3
+ cos(2m—-4)0+...+ cos26 |+ .
2 m-1

i szjoz(cose)zmdezz{sm 2mo ( ]sm(Zm 2)0

2m-2
2m\sin(2m-4)0 2m \sin 20
+ —_— .+
2 2m-4 m-1) 2 |

2m
:[ o jg since sine of a multiple of 7 =0.

z 2m
.'.j2(0050)2md0= } z
0 2°"{m )2
T 2m
= o d| o |

Q8
()

. %
(i) Lett= tanE,

1. 6 1-t° t 1-t2+t* 1
cotd +—tan—= +—= =—
2 2 2t 2 2t 2t

1 .0
=—cot—.
2 2

(ii) Let n=1, LHS:tang,
X X
RHS=cotE—200tx=2cotx+tan——2cotx
X . .
=tan5, since from (i),

lcot%: cotx+ Stan X,

X X
cotE: 2cot x +tan—.

S True forn=1.
x 1 1
Assume tan —+—tan— +—tan
2 2 2% 27 28
1 X 1
+2n—1 tan?: n-1
RTP: tan§+1taniz+i2tan13+...
2 2 2 2 2
+inta r)1(+1 1ncot ;(ﬂ 2cot x.
2 2 2 2
LHS= 171 ——Zcotx+itan Xl
2n 2|’1 2n 2n+

Terry Lee
= nl_l cotin+1tan :(1 —2cotx
2 2" 2 2™
1 ><100t T —2cotX
2" 2 2™
:icotil—Zcotx:RHS.
2n 2n+
s At's true forn + 1.
Hence, it's true for all n > 1.
X
X tan -
(iiii) As n—> 00, 0, — 2~ 51,
2" X
2n
X
: in—Zcotx=2>< 2"X xi—ZCotx
2 tan~ X
2|’1
—>3—2cotx.
X
T
iv) Let x=—,
(iv) 5

> 1 z 1. 7~ 1 7
D —rtan_—=tan—+>tan—+—tan—+
2 2 4 2 8 4 16

=I|m( -cot ”J—Zcotz
N—>o0 2n 2n+
=£—Zcot£—2cot—
4 2
2
_4
—
) Z< [ Tax<—1
n n—lx n—
—<[Inx]n <i.
n n1on-1
1 n 1
—<In—<—

Lon-1 1 1
<e ",noting that if a <b then B<_’
a

n

— n-1Y ..
et <(—j <e™, by raising to the power n.
n

(©)

(i) The probability that a person draws his/her own card is

p =£, .~.the probability that he/she does not draw his/her
n

own card is qzl—l.
n

Pr(A wins in the first draw) = p
Pr(A wins in the second draw,i.e. after

a round that no one draws own card) =q"p
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Pr(A wins in the third draw,i.e. after

two rounds that no one draws own card) =q*"p
Pr(A wins)=p+q"p+q>"p+...

n

=1 P (using the limiting sum of a GP, since

the ratio = q" <1)
1-q"
W -q'W = p.
~W=p+q"W.
(i)W, =p+q"p+g*"p+...+q"

_p@d-9™)
1-q"

m-1)n

p

et
n

If nis large, lel, .. the result in (b) becomes
n —

_n 1 n
g nt ze‘l<(1——) <e™
n

(1—£ ~e .
n

" 1—l ~e ",
n

W

S—xl-e "

W
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