Terry Lee Advanced Mathematics

Practice
Questions

Solutions

Complex Numbers

2 —
(a) (1) Let z=x+1y, o :(\/x2 +y2) =x"+y> whilezz = (x+iy)(x—iy)=x" +°.

5 —
|Z| =ZzZZz

and (zl+zz):(xl+iyl+x2+iy2):(xl+x2+i(y1+y2)):xl+x2—i(yl+y2),

Zy+z, =X, — iy, + X, +iy, =x1+x2—i(yl+y2)

.'.(z1 +zz)=z1 +z,.

(i1) |Z—Zl|2 +|Z—Zz|2 :(Z—Zl)(Z—Zl)+(Z—Zz)(Z—Zz)

:(Z—Zl)(;—Z_l)'i'(Z—Zz)(;—Zz)

=zz+22—22—ZZ+2Z+2,2,— 22, Z,Z

=2zz+2zz +2,2z, —z(zl +22)—z(zl +zz)

=2|Z|2 +|Zl|2 "|'|Zz|2 _Z(Zl +Z2)_;(Zl +Zz)

=2+5%+5°, sincez,+z,=0, s0 z,+z, =0
=52.

1) Let z=x+iy,Re(z")=Re(x" =y " +2xpi)=x"—y".
b L yR 2 R 2y2 2y 2y2

. The locus of z is the rectangular hyperbola x> —y* = 4.
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(i) —r<argz<——,——<argz<—,—<argz<r.
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Im(z

() i=cis%=cis(%+2kﬁj. ‘.()

!

R =cis(£+2k—ﬂj, where £ =0,1,—1.
6 3
:cisz,ciss—”,cis(—zj > Re(@)
6 6 2
_\/§+i —~N3+i

2 2

(d) () u+v=0-D)+32(1+i) =(1+42)+i(v2-1).
iv=i2(1+i)=v2(-1+i).
(i1) From the diagram, ABCD is a trapezium, where
ﬂ?=(u +v)—u =v=\/§(l+i),.'. AB=2
@:(u+v)—v:u:1—i,.'. BC =2
AD =u—iv=(1-1)~2(-1+0) = (1++2)(1-1), AD =2 (1++2).

<. Area of ABCD = %(BC +AD) AB

:%(ﬁ+x/§(l+\/5))2:2(ﬁ+l).
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