Terry Lee Advanced Mathematics

Practice
Questions

Conical Sections
(a) (i) Let P be (asecd,btan d)

b dy/do _ bsec’ 0 _ bsecd

dx/df asecOtanf atand

bsect

y—btanf = (x—asect)

atan@
atan @y —abtan’ @ = bsec Ox —absec’ 0

bsecOx—atanfy = ab(sec2 6 —tan’ 6’)

bsecOx—atan Oy = ab

* by =a’+b*,lety=0,
secd tand

(i1) From the equation of the normal at P,

(a2 +b2)secl9 _a*e’sech

a a

=ae’sech...G (ae2 secd, 0)

SoX=

Put x = asecd into y = bx gives y =bsech... O(asecd,bsect)
a

I bsecd—0 _ b _ b

@ asecO-ae*secd a—ae® a(l-é%)
b* b

S Mgy My, = gy =

(i11)) LGOR = ZGPR =90°, .. GPOR is cyclic (equal angles subtending the same arc)

and m,, =—.

=-1,.. ZGOR =90°

(iv) From the equation of the tangent, bsecOx —atanfy = ab, lety = X gives
a

ab a a(secd +tan 0)
X= = =— — =a(secd+tan ).
bsecO—btan@ secHd—tand sec” @—tan

y= bx =b(secf+tand)... R (a(sec 0 +tan #),b(sec f + tan 9))
a
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Also, from the equation of the tangent, bsecOx —atanfy =ab, lety = _bx gives
a

‘o ab B a _a(sec—tan )
bsecO+btanf secO+tand sec’ @—tan’

= a(secHd —tan0).

y= _bx =b(tanf—-sech)... S (a(sec 0 —tan ), b(tan 8 —sec 9))
a

Midpoint of RS has coordinates

o a(secd+tan)+a(secl—tand)

asect
2
y= b(sec @ +tan 9);—b(tan6’—sec 0)  btand

which are the coordinates of P, .. PR = PS.

(v) Q and T are symmetrical about the x-axis, so ZGTO = ZGQO =90°, .. ZGTO +
ZGPS=90°+90° = 180°, .. GPST is cyclic (opposite angles are supplementary).
Further, GS is the diameter of this circle.

Similarly, GR is the diameter of the circle GPQOR.

But GS* =GP’ + PS* = GP* + PR* = GR®, .. GS = GR. ..The two circles have equal

diameter, .". they have the equal area.

(b) The equation of the chord of contact PQ is x_xzo +% =1L..bxx+a’y,y—-a’h’ =0.
a

This chord always touches the circle x* + y* =b”, so the perpendicular distance from the
centre of the circle (0,0) to the chord is equal to b.
a’b’

~a'b’ =b'x’ +a'y,’.

=b

2 2
1 o .
% };% =7 on dividing both sides by a*b".
x>yt 1
.. The locus of T is the ellipse — +b—4 = R
a

2

(c) The distance PQ =20P =2 |c*p® +c—2 :E,/p4 +1.
p p

.. The equation of the circle of centre P, radius PQ is

2
2 c 4c* ; ,
xX—cp) +|ly——1| =- P+l
(x=cp) ( pj pz( )
2 2 P 5
Py = s (c-p) 4 S5 2
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4 2 3 2 4 2
x2—2cpx+c2p2+c—2—i+c—2=iz(p4+l)
X px p
4 2 3 2
x2—2cpx—3c2p2+c—2—i—3i2=0
X px p
p’xt=2ep’x’ =3’ p*x® -3¢’ x* -2 px+ctp* =0 1))
2 3
.'.Za=xQ+xD+xE+xF=c—€=2cp,
p
+x, +
SoXp X, +xe =2cp—(—=cp)=3cp =3x,,.. X, =W.
C2
Replacing x in (1) by — gives
y
p:c8 ~ 2p33€7 ~ 3p4266 ~ g _2°p, R
y Y y Y Y
Pt = 2p Py —3pctyt =3¢yt —2epyt + pPyt =0
2cp  2c
'.'zazyQ+yD+yE+yF=_2=_‘
p p
2c 2c c 3c ) Vy+ Y.+
R R :__yQ=__[__]=_:3ypa“ypzu'
p p p) p 3



