Chapter 1 15 marks

(a)

y'=

y' =
(b)

y'=

The curve y=x’ +x>—5x+1 has two turning points A and B.

(1) What are the coordinates of A and B?

3x* +2x=5=(3x+5)(x—1) =0 gives x = 1,—%. A(1,—2),B(—§,%) =~ (1.7,7.5) Im

(ii) For what values of k has the equation x’ +x° —x+2=k three real solutions?

3x* +2x—1=(3x=1)(x +1) =0 gives x = 1,—1,.-. TPs (1,§),(—1,3),.-. 49 <k<3 2m
3 3 27 27

Consider the curve y=x*+4x’ —16x.
(i) Find and factorise y” completely and hence determine the location and nature of any stationary points.
4x° +12x* =16 = 4(x® +3x* —4) = 4(x = 1)(x* +4x +4) = 4(x = 1)(x +2)°

For determining the nature use the graph of y” or the table values of y” (not y”, because y” =0 too, when x =—2),x =1is min 2m

and

X =—2is hpoi.
(i1) Sketch the curve.

/.

»

2m
2x
(¢) Let f(x)= a1
(i) For what values of x is f{x) undefined? Also state the equation of the horizontal asymptote.
x ==1. Horizontal asymptote y =0 1m
(i1) Show that y = f(x) is an odd function.
2(—X) 2X
=) (=x)*+1  x*+1 () m
(iii) Show that f’(x) < 0 at all values of x for
which the function is defined.
2 2 2 2
f'(x) = 2 ;1)_24)( = _22X _22 = _2(2)( +21) <0since x*+1>0 Im
(x*=1) (x*=1) (x*=1)
(iv) Hence, sketch y = f(x). : A : 1m
= T
(d) Let fix)=3x" —10x° +45x. ! '

F(x)

(i) Show that f’(x)>0 for all x.
=15x" —30x% +45=15(x* —2x* +3) =15(x* =1)* + 30 > 0 since (x* =1)> >0 Im
(i) For what values of xis f”(x) positive?

f7(x) = 60x® —60x = 60x(x* —1),f"(x) >0 when x >1or —1<x<0 Im

(ii1) Sketch the graph of y = f(x).
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Chapter 2
(a) (i) Find the area of the region bounded by y = x* —4x,2< x<5 and the x-axis.

25 marks

3 2 3 5
U (3 —ax)d+ [ (x8—ax)dx=| Xt | 4| X =[§—8j (%—wj (@—mj (%—32 3m
2 4 3 . L3 . \3 3 3 3
(i1) Find the volumes of the solids generated when the region enclosed by the curve
16y = x*+16,—4 < x <4 and the line y = 2, is rotated about (o) the x-axis, (B) the y-axis.
5 4
a)V =z ‘-z I Md x=2z 4dx——j (x* +32x° +256) dix = 27 [ 4]} ——| X RSN
4 -4 16° 128 5 3 o 4m
Y 224r _ 2567
15 15
2 2
BV =7z'J-1 (16y —16) dy = 7| 8y —16y]1 =7((0)-(8-16))=8x 2m
(b) The diagram below shows a sketch of the gradient function f’(x) of the curve y = f (x).
Sketch the graphs of (o) y = f”"(x) and (B) y = f (x) given that f (0) =
A VA
\ y=rfx)
2
l_
s T | ; >
4 . I 2 3 !
4m
(c) Evaluate the following integrals using the substitution given.
i)j X dx =\14x2+C Im
V1+x?
i) Ix3\/x2 —4 dx Letu=x*—4,du=2xdx . x* =u+4.
3
3 1 2 2 5 3 2 _4\5 2 )3
1J‘(U+4)\/U du:l_.‘ u? +4u? |dx=— 1 2“ +8u = \/u7+4\/u7 = \/(X ) +4\/(X 4 3m
2 2 2| 5 3 5 3 5 3
2 2%’
iii) J. ———=dx u=x"+1..x* =u—1du=2xdx. When x =0,u =1, when x=2,u=5
o (x“+1)
5
(el e :
u u o2 5 50 2) 25
iv) J. 15x1+x dx x=u?—1,..dx =2udu. When x =0,u* =1,..u=1, when x =—1,u =0
-1
o, LR o 1 1
I 15(u? —1)u 2udu :30[ (u* —u?) du=30] —— = :30(———} 4. 3m
0 0 5 3] 5 3
10 1
(d) Given that l—dx =log, 1.1, explain why 1.1 <e <1.1"" by using a graphical means.
9 I+x
1 1 1 1 1 1 . -
When x =9,—— =—, when x =10,—— =—.... —X1<log, 1.1<—x1, since the area is higher than the lower
1+x 10 T+x 1171 10
bound and lower than the upper bound rectangles. 5
m

1 1
ne<11<e’,
1 il
e <1.1givese<1.1" and e <1.1gives e <1.1°. . 1.1° < < 1.1"



Chapter 3: Exponential and Logarithmic Functions (20 marks)

. log3
1) Solve 2" =3, expressing your answer correct to 2 decimal places. x =log, 3= logz =1.587
0g
2) Differentiate with respect to x:
if"“ ’ ¢ ’ 4
a) y=veF =2 oy ==/ 0 b) y=In(4x-1), y = iy
x_
, In(5x-2) , 5
¢c) y=xlog x, y=Inx+1J d) y=log, (5x-2)= LV =
) y=xlog, x, y ) y=logy,(Gx=2)=— == I 10Gx_2)
_ X—z 2 ’ 1 2x (S +6) _ 5 ’ o 4
e) y=In——=1In(x-2)—-In(x"=3),y = - f) y=e =x"+6,y =5x"7
X" - x=2 x -3
g) y=3"t =TI o 53T h) y=3x’log, x, y' =6xInx+3xJ
3) Find
a) J-)Cezxzdleez“2 +CJ b) I al dxz—lln(3—x2)+CJ‘
4 3—x° 2

1 2 172 2
©) j T = [ In(e* +1)] J=In3-In2J d)j dx=— (St VA SR P U
+1) 2| 2 |7 4l 25) 25
4) For the curve y = xe**
i) Find any stationary points y = ¢™ +2xe™ =™ (1+2x),y' =0 gives x = —% TP(—l,—ijJ‘

ii) Find any points of inflexion
Yy =2 (14+2x)+2e** =4e’*(1+x),y" =0 gives x =—1,.. POI(-1,—¢*) &
iii) Discuss the behaviour of the curve for positively and negatively large values of x

AS X — 400, y — 400; as x — —oo, y — 07 (as a " Hominates)
1v) Sketch the curve J&

v

2

5) Find %(ef)

%(eﬁ ) =3x%"; %(3)626"3 ) =6xe" +9x'e" &



Chapter 4: Trigonometric functions

1. (i) Prove the identity sin36 =3sin@—4sin’ @ . 3 marks
sin 30 = sin(@ +26) = sin 8 cos 20 +cos sin 26 '

=sin@(1—2sin” ) +cos #2sin G cos &'
=sin@—2sin’ @+2sin Hcos’ &
=sin@®—2sin’ @+ 2sin 0(1—5in2 6)

=sin@—2sin’ @+2sin@—2sin” O'
=3sin@—4sin’ @
(i1) Hence solve the equation sin36 =2sin € for 0 <8 <360° . 6 marks
3sin@—4sin’ @ =2sin @
sin@—4sin’ 8 =0
sint9(1—4sin2 49)201
sin0(1—2sin0)(1+2sin6)=0
sin@ =0 gives 6=0,7271"

1—2sin6’=00rsinﬁzlgivesé’zz,s—”1
2 6 6
1+2sin@ =0 or sint9:—l gives 02—1,71,“—7[1
2 6 6 6

no=02 7 77 17 o0
6 6 6 6
2. Consider the diagram, which shows a vertical tower OT of height 4 metres, a fixed point A, and a
variable point P that is constrained to move so that angle AOP is 60°. The angle of elevation of T
from A is 45°. Let the angle of elevation of 7 from P be a radians and let angle ATP be 6°.
(i) By considering triangle AOP, show that AP> =h*> +h’cot’ @ —h’ cotcx . 2 marks

tan 45° :ﬂ’.,' OA =0T cot45°=0T =h"'
OA

tanazg,:. OP =0T cotax=hcotox
OP
1
AP?* =0T?*+0OP?> —=20T.OP.cos60° = h* + h* cot> @ —2h* cot 0{.5 '=h* +h*cot’ a—h* cotx

. - . 1 . 1
(i) By finding a second expression for AP, deduce that cos @ =—=sin @ +—=cos@. 6 marks

V2 22

sin45°=£,.‘. AT = or :\/Ehl
AT

sin 45°
sina:O—,:.PT: QT = .h !
PT sin@ sina
22K
AP? = AT? + PT? -2AT.PT.cos @ =2h* + ——— f cos@'
SiIn- o Sin &
R 221

s h+hrcot> a—h*cota =2h* + cos @' since both = AP?

sina sina

cot’d—cota=1+cosec’ a— cos @

NP

sinx

sin @

cos@ =1+cosec’ @—cot> a+cotax=2+cot’ a'—cot’> a+cota =2 +cotx

i 1 1
s.cosf = SmO{(2+00t0{) = sin@+——=cosa
22

V2 22



1 1
(iii) Write —=sina +—~=-cos« in the form Rsin(a+ ), hence state the maximum value of cosé.
V2 22

1
2 2 - =
R= L +L = l—kl=\/El,‘[anﬁzizl,:.ﬁztanlll 4 marks
V2 22) N2 8 \3 12 2
V2

1. 1 \F ( _,1)1
—SIN&+——=Ccosx =,[—sIn| ax+tan —
J2 22 8 2

. 1 . 1 . 15
.. The maximum value of —=sin & +——=cos & is \/; !

V2 22

cos(x+ y)cos(x—y) =cos’> x—sin’ y 3 marks

LHS = (cos xcos y —sin xsin y)(cosxcos y +sin xsin y) '= cos® xcos® y —sin® xsin’ y '
=cos” xcos’ y —(l—cos2 x)(1—0052 y)
=cos’ xcos” y—1+cos’ x+cos” y—cos” xcos’ y
=—1+cos’ x+cos’ y'=—1+cos’ x+1-sin” y
=cos’ x—sin’ y = RHS.
Solve the following equations, for 0 <x < 360°
(i) sin* x—5sin x—2cos* x =0 4 marks
sin® x—5sinx—2(1-sin*x)=0"
3sin® x—5sinx—2=0
Bsinx+1)(sinx—2)=0"
. 1 . . .
sin x = 3 or sin x =2 (impossible)
~x=-19.5°"

- x=199.5°340.5°"
(i1) cotx—3tanx—2=0 4 marks

'_3tanx—2=0

tan x
3tan’ x+2tanx—1=0

(Btanx—1(tanx+1)=0"

1
tanx=— or —1

Solving tan x =% gives x =18.5°,198.5°"

Solving tan x =—1 gives x =135°,315°"

(iii) cos® x—3sin’ x—sin2x=0 2 marks
cos” x—3sin® x—2sin xcos x '=0

1-3tan” x—2tan x =0, on dividing both sides by cos” x'

3tan® x+2tanx—1=0
This is the same as (ii), so x = 18.5°, 135°, 198.5°, 315°



(iv) 1+cos2x=cosx. 3 marks

14+2cos*x—1=cos x
2cos*x—cosx=0"
cosx(2cosx—1)=0

Solving cos x =0 gives x =90°,270°"
Solving cos x :% gives x = 60°,300°"

5. Differentiate
a) y=xsec3x,y =2xsec3x+3x’sec3xtan3x

b)y= sin x ,_cosx(l+cosx)+sin2x 1 l+cosx 1 1
Y cosx (1+cos x)* (1+cosx)> 1+4cosx
6. Evaluate

a) sz sin(x*) dx = —%cos(f) +C!

T

b) ;[sec2 2x dx:%[tan2xE 1:%(_\/5_1):_\6“ 1

2

8
7. (i) Sketch the curves y=4sin2xandy=xforO<x<rx

1 mark for the curve, 1 for the line 4 A
g\/

(i1) Hence, solve 4sin2x 2> x, for 0< x <7, correct to 1 d.p.

0<x<14'
(i11) Using the result of (ii) find the area enclosed by the curves y=4sin2x andy=x forO<x<rx.

1.5

»
|

14 2
j (4sin2x — x)dx = {—2 cos 2x —%} '=0.9—-(-2)=2.9 units® '
0 0
8. The diagram shows a circular lake, centre O, of radius 2 km with diameter AB. Pat can row at 3 km/h
and can walk at 4 km/h and wishes to travel from A to B as quickly as possible. Pat considers the
strategy of rowing direct from A to a point P and then walking around the edge of the lake to B.

Let ZPAB = Oradians, and let the time taken for Pat to travel from A to B by this route be T hours.
(1) Show that T = %(4 cos@+ 36).

1

L AP -
T:%+P7fwherecost9: 2 AP=4c0s0' and PB =2x20 =46 A0 8) e
4cos@ 460 4cosf+36,
W T = 20 _2cosor ol
3 4 3
(ii) Find the value of @ for which ar _ O.d—T :l(—4 sin@+3) =0 when 6 =sin"' Sp
dé dé 3 4

(iii) To what point P, if any, should Pat row to minimise 77 Give reasons for your answer.

dzT 4 P | 3 . . . 1
Fr: = —Ecos 0 <0 when 8 =sin Z , .~ this corresponds to a maximum time.

. .2 . . .4
The time to walk along the arc AB is Tﬂ =§: 1.6 h, while the time to row from A to B is E =1.3h,

so Pat should row directly to B to minimise the time. !
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