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(a)

T
/ ‘
P
C
Q
(1) In ATPC and APBC,

ZC is common,
ZPTC = ZBPC (LPTC = LTAP, angles in alternate segments are equal, and LTAP =

ZBPC, alternate angles on parallel lines)
~.ATPC ||| APBC (equiangular)

(i1) ;—g = Pc (corresponding sides in similar triangles)

.. PC*=TCxBC.
(iii) But CQ* = CB.CT (intersecting secants theorem)

.. PC*=CQ*,..PC=CQ, ..Cis the midpoint of PQ.

(b) The number of words that they are separated by at least two letters = Total — the number

of words when they are together — the number of words when they are separated by 1
letter.

7!
Total =— words.
21

The two letters S’s are together in 6! words.
To separate the two S’s by one letter, choose one more letter from the other 5 letters
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(5C1) to make a group, so together there are 4 distinct letters and a group, hence, 5! ways,
but inside the group of the 3 letters the two S°s must not stay in the middle, .. only 1
way. .. 55! ways.

!
.. The two letters S°s are separated by at least two other letters in %— 6!-5x5!'=1200

ways.

o Inx—1
c) (i X)=—.
(c) () f'(x) ()
Forx>3,In3>1,.. f'(x)>0,.. f(x) is monotonic increasing.
n+l1 n

In(n+1) " Inn’
(n+D)Inn>nin(n+1)

(i1) ..For n>3,

Inn""' >In(n+1)"

s.n"" > (n+1)", since Inx is increasing for all x > 0.

2n+1

(d) (1) (cosx+isinx)

. 2n+1 2n+1 . 2n+1 .
(cosx+isinx)*" = ( cos™ x+i cos™ xsinx — 5 cos™ " xsin® x

=cos(2n+1)x+isin(2n+1)x, by De Moivre’s theorem.

0 1

(2n+1 -2 -3 . S 201 . . .
—1i 3 cos™ " xsin” x+...+i(=1) 11 sin”"" x, by binomial expansion,
n+

noting that the last term contains i*"*"' = (i)*".(i) = (=1)" ..
Equating the imaginary parts,

. 2n+1 5 . 2n+1 =2 . 3 2n+1) . 2n+1
sin2n+1)x = ; cos™ xsinx— 3 cos™ " xsin” x+...+(=1)" sin”"" x

2n+1
. 2n+1 2n+1
" —Sln(2n+1)x:( nl jcotz"x—[ n3 jcotz”‘2x+...+(—1)n.

Sin2n+1 X

2n+1 2n+1
ii) Let ¢ = cot® x, the roots of the polynomial p(¢) = " — "+ (=1
1 3

in(2n +1
= () are the same as the roots of W =0.

sin™"" x
Solving sin(2n+1)x =0 gives x = kz ,k=0,1,2,...,n. These values of k are chosen so

n+
that 0 < x<” . But when k = 0,sinx =0, W is undefined, so W= 0
2 sin™"" x sin”"" x
only has n roots, x = kz k=12,...,n.
2n+1

- p(¢) has exactly n roots and they are ¢ = cot’ (2k7r J,k =12,...,n.
n+
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(2n+1j @n+!

L kx 3 312n-2)!  (2m)(2n-1) 2n(2n 1)
t’ = _
(iii) ;co (2n+1j nil) @neD) 3 p
1 (2n)!
2
(iv) cosec’ x = cot” x+1,. Zcosec ( kz ] 2n(2n D,, 4 6"‘4”=2n(2;1+2).

1 " 2n+1Y
(v) Since cot x < — < cosec X, Z cot’ [ j iy > cosec’ ko ,
X 2n+1 kr = 2n+1

k=1
2n(2n-1) (2n-+1j (Zn—klj [2n—k1j 2n(2n+2)
< + +...+ < .
6 T 2r

6
2n(2n-1) o’ I 1 1 2nQ2n+2) 7«
<—t+—+..+—< :
6 Qn+1)?* 17 2° n’ 6 2n+1)°

nz( 2n j(Zn—l 1 1 1 22 2n \(2n+2
L <S5+t ot —5<— .
6 \2n+1 )\ 2n+1 © 2 n 6 \2n+1/)\ 2n+1
2 - ’2n—1 1 2n+2 1, ! +L2+ +L is sandwiched
2n+1 2n+1 2n+1 1202

2
between two values which are the same, T , .. lim i2+i2 +L2+ +L2 = 7[—.
6 noel 17 27 3 n 6

nw

(vi) As 1 — o,



