Terry Lee Advanced Mathematics

Practice
Questions

Volumes
(a) (1) By slicing method: The solid consists of two parts: The upper part ¥, (fory > %) and
the lower part V, (for 0< y < %) .

A

v

For the upper part, it might be easier to shift the curve so that it is rotated about the line x

= —1 and its new equation is y = ——.
x°+1

Consider a cross section, which is a ring, of radii x+1and —x+1.

The area of the ring = 72'((1+ x)* —(l—x)z) = 72'((1+ 2x+ xz)—(1—2x+ x’ )) =4rx

The volume of the slice = 0V, = 47x0y.

1
.'.V1:47rjlxdy.
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1 —2x

Let's change dy intodx : y = ,oody=————dx.
se @y Y 1+ x? 4 (1+xz)2
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Wheny:%,le; When y =1,x=0.

V. =4z —d =87 —d
L1+ x7) o (1+x°)

Let x = tan @, dx =sec* 0 d6.

Whenx=0,6=0; Whenx=l,9=%.

z 2 il z
.'.K=8ﬂj4tanz ¢ 0do=8x j“tan—de 87rj sin’ 0d0
0

sec’ sec

f=1

— 4z | (1=-cos20)d0 = 4;{9— sze}“ _ 47,(£_lj
0 2 4 2
=71’ -2r
The lower part is a cylinder, with radius = 2, height = % "V, = 7;,22% 2.

. The total volume = 7> =27 + 27 = z° units’. .

(i1) By the shells method: Consider a hollow shell of radii x and x+ 0x, height y.

The volume of the shell 8V = 7 ((x+8x)’ —x” ) y = 27xyox .

2 2 x
V:27rj xya’x:27tj. ———dx
0 o (x=1)"+1

:27[.[0 (xfl_)21+1dx+2”.‘.: (x—11)2 Wi
= ﬂ[ln((x ~1)* + l)}z + Zﬂ[tan_l(x— I)Jz

=7z(In2-1In2)+27 Z 7= 22 units’.
4 4
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(b) (1) The slice is a triangular prism, of base 2x, height 3a, and thickness 0/ .
. 1 2 2
The area of the slice = E.2x.3a =3ax, where x=~a" —h" .

>

The volume of the slice 0V = 3ax.0h = 3aNa® —h* Oh

~V=3a xzrxlaz —h*dh= 6axi the area of a circle of radius a
0

3
units”.

=6ax—rma’ =
4

(i1) The slice is an elliptical prism, whose thickness = 0/ , semi-major axis = a, and semi-

. . X h o . h
minor axis = x, where — = 3— , by similar triangles, .. x =—.
a 3a

3a

A
v

The area of the slice is ﬂTah.

The volume of the slice oV = ﬂTahﬁh

V== hdh=—
3 Jo 3
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